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Learning Analytics (LA) has a major interest in exploring and understanding the learning process of
humans and, for this purpose, beneﬁts from both Cognitive Science, which studies how humans learn,
and Machine Learning, which studies how algorithms learn from data. Usually, Machine Learning is
exploited as a tool for analyzing data coming from experimental studies, but it has been recently applied
to humans as if they were algorithms that learn from data. One example is the application of Rademacher
Complexity, which measures the capacity of a learning machine, to human learning, which led to the
formulation of Human Rademacher Complexity (HRC). In this line of research, we propose here a more
powerful measure of complexity, the Human Algorithmic Stability (HAS), as a tool to better understand
the learning process of humans. The experimental results from three different empirical studies, on more
than 600 engineering students from the University of Genoa, showed that HAS (i) can be measured
without the assumptions required by HRC, (ii) depends not only on the knowledge domain, as HRC, but
also on the complexity of the problem, and (iii) can be exploited for better understanding of the human
learning process.
& 2016 Elsevier B.V. All rights reserved.
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1. Introduction
Since the emergence of Technology-Enhanced Learning (TEL)
systems and automatic analysis of educational data, many efforts
have been carried out to enhance the learning experience [1,2]. For
this reason, Learning Analytics (LA) and Educational Data Mining
have recently gained a lot of attention as one of their major
interest is to explore the way humans learn [3–5]. New advances
in LA enable measuring, collecting and analyzing data about
learners and their contexts and allow exploring the behavior of
people while learning (e.g. through Machine Learning models),
opening the door towards optimized and personalized education
[6–9]. LA is a multi-disciplinary ﬁeld which is tightly connected to
Statistics and ML on one side and to Cognitive Science (COGS) and
Pedagogy on the other side [10,11].
Machine Learning (ML) is a ﬁeld of research which develops
and studies algorithms that can learn from and make predictions
on data [12]. Such algorithms, used as tools in LA, build models
from data in order to make data-driven predictions or decisions.
ML offers tools for solving many real world problems [13–16]:
n
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classiﬁcation, regression, clustering, online learning, semisupervised learning, reinforcement learning, etc. [12,17–19].
According to [20] there are three ways of using models of educational processes: the ﬁrst one includes models used as scientiﬁc
tools to understand an educational situation, such as using models
to predict the student academic success [21]. In the second one,
models are used as a component of educational artefacts such as
student modeling and its application in a TEL environment [22,23]
or integrating the model of student problem-solving into a TEL
system with the aim to personalize and adapt educational materials to their needs [24]. Finally, the third one includes models
used as basis for design of TEL systems [25].
In addition to proposing new algorithms and tools, ML develops different methods for measuring the effectiveness of a learning process. In particular, ML studies the learning ability of an
algorithm in order to avoid data memorization and to improve its
generalization performance, which is the ability to learn the targeted concept effectively [26]. Examples of techniques for assessing the performance of a learning algorithm are: Hypothesis
Space-based methods [27] (based on the VC-Dimension [26],
Rademacher Complexity (RC) [28–30], and PAC Bayes Theory
[31,32]) and Algorithm-based methods [33] (based on Compression Bounds [34], and Algorithmic Stability (AS) Theory [35,36]).
Thanks to these approaches, many valuable parameters that
describe how a particular machine learns can be quantiﬁed. For
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example, it is possible to rigorously measure the generalization
performance of a learned model.
While ML studies learning algorithms, COGS studies and analyses how learning takes place in humans [37–39]. In this context,
humans can be considered as information processing systems (as
suggested in [40]) with a high learning potential and learning is a
permanent process that is regulated by optimizing the complexity
of the learning context, based on actions and mental schemata of
humans [41]. Concept Learning (CL) is the area of COGS that
explores how concepts are attained in humans (Human Learning –
HL). Various approaches exist in categorising concepts and how
they are attained [42,43]. One approach is to consider concepts as
mental representations which help to identify and separate
objects, events, and relationships. Another approach considers
that concepts are learned inductively even from sparse and noisy
evidences. In addition, concepts can be formed by combining other
simpler concepts, and their meanings are derived from the ones of
their constituents. Various theories integrate different approaches
of CL: for instance, Exemplar Theory [44] suggests that the categorization takes place by the proximity of the new stimulus to the
members of the category that one has observed, and by comparison of similarities, the label is assigned to the stimulus. Another
theory, called Prototype Theory [45], explains that categorization
takes place in a similar way as Exemplar Theory, while the comparison is carried out to the average of category members not to a
speciﬁc member. In this case, at ﬁrst, the attributes of members of
a category are derived (named prototypes), then categorization is
done by considering the similarity to the generated prototypes. In
addition to these theories, researchers discovered that rule-based
theories are important in the initial formation of categories
[37,46]: ﬁrst the distinguishing attributes of new items are
extracted from the category, then Examplar or Prototype theory,
for categorizing distinct items, is applied. In this approach, concepts are constructed by combination [47]. In particular, a concept
is represented by some rule that determines whether a stimulus
belongs to a category [48]. Thus, humans try to ﬁnd a rule (learn a
model) when being confronted with a new example.
The latest approach towards human rule-based learning has
been a motivation for CL to beneﬁt from the research of other
ﬁelds like Artiﬁcial Intelligence, Information Theory, and ML. In
this context, the cross between HL and ML [49–51] leads to
development of sophisticated formal models of CL [48,52–54]. For
instance, [55] measures the ability of humans in Category Learning
by applying Bayesian approaches in iterative learning. In this
context, a human learns a concept and produces a hypothesis on
the given data, then, another human learns the previously developed hypothesis and generates a new one. This method was
adopted for identifying the inductive biases in humans. In another
study [56], the difﬁculty of concepts in relation with HL is
exploited. In this context, the subjective difﬁculty of boolean
concepts for humans is measured, and it is shown that the subjective difﬁculty is proportional to the complexity of boolean
statements (length of the statement). Thus, by knowing the
complexity of the logical structure of concepts, it is possible to
predict how difﬁcult that concept is for humans. Other examples
are [57,58] where ML Theory, which helps to understand the
learning ability of ML algorithms, has been used to explore HL.
Our main contribution is to build a connection between ML and
HL. In particular, we apply ML methods to measure the capacity of
students to ﬁnd meaningful rules given various problems. Measuring the ability of a human to capture information rather than
simply memorizing can be the key to optimize and improve HL. In
this sense, the parallelism with ML is straightforward: for example,
several approaches in the last decades dealt with the development
of measures to assess the generalization ability of learning algorithms in order to minimize risks of overﬁtting (memorization). As
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a consequence, merging ML studies on the generalization ability
estimation and HL has been proposed by some researchers. In
particular, Zhu et al. [57] propose the application of ML approaches
[59] to estimate the human capability of extracting knowledge
(Human Rademacher Complexity – HRC). Unfortunately, (H)RC
requires a set of models to be aprioristically deﬁned, which
includes the models to be explored by the learner (being either an
algorithm or a human) [33]. While this hypothesis is not always
satisﬁed by ML methods (e.g. k-Nearest Neighbors [60]), aprioristically deﬁning a list of alternative models for humans is an even
tougher task [61,62]. This leads to formulating further assumptions [57], which do not often hold in practice. As an alternative,
we propose to exploit AS [35,33] in order to compute the Human
Algorithmic Stability (HAS), which does not rely on the deﬁnition
of a set of models and does not require any additional assumptions. In this study, we comparatively benchmark HRC and HAS, by
designing experiments to analyze the way a group of students
learns the tasks with different difﬁculties, and we compare the
two approaches to verify which one is the most informative for
getting more insights into HL. To reach this purpose, three different experiments were performed from October 2014 till May 2015
with 606 students of various engineering majors from the University of Genoa, Italy. We generated unique questionnaires for
every student to measure HRC and HAS over 7 groups of students,
as described in the next sections. Filled questionnaires were collected, digitized, anonymized, and analyzed. Our results show that
HAS is inﬂuenced by the nature and the complexity of the problem
to learn. Moreover, contrarily to HRC, HAS is also able to capture
the fast-learning ability of a human when dealing with simple
problems: this allows providing new perspectives with reference
to the human tendency to overﬁt training data depending on the
nature of the problem faced. These results can thus function as a
bridge between ML and HL, for the measure of the propensity of
the learner towards CL versus simple memorization. This work
completes and extends the preliminary results reported in [58].
The paper is structured as follows: Section 2 presents the
theoretical ML framework, Section 3 relates the ML framework to
HL, Section 4 describes our experimental design, Section 5 reports
the results of our study and ﬁnally the conclusions of the paper are
drawn in Section 6.

2. Rademacher Complexity and algorithmic stability in
machine learning
Let us consider the classical binary classiﬁcation framework
[26]. Let X and Y ¼ f 7 1g be, respectively, an input and an output
space. We consider a set of labeled independent and identically
distributed (i.i.d.) data S n : fZ 1 ; …; Z n g of size n, where
Z i A f1;…;ng ¼ ðX i ; Y i Þ, with X i A X and Y i A Y, sampled from an
unknown distribution μ over X  Y. We also deﬁne two modiﬁed
⧹i
training sets: S n , where the i-th element is removed and S in ,
where the i-th element is replaced with Z 0i , which is another i.i.d.
pattern sampled from μ:

⧹i 
S n : Z 1 ; …; Z i  1 ; Z i þ 1 ; …; Z n ;



S in : Z 1 ; …; Z i  1 ; Z 0i ; Z i þ 1 ; …; Z n :

ð1Þ

A learning algorithm A maps S n into a function f : ASn from X to
Y. In particular, A allows designing f A F and deﬁning the
hypothesis space F , which is generally unknown.
Even if often not speciﬁed [35,33], there are some properties
that the algorithm A must satisfy in order to ensure the validity of
the results of the next sections. In particular, we consider only
deterministic algorithms. It is also assumed that the algorithm A is
symmetric with respect to S n , i.e. it does not depend on the order
of the elements in the training set.
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The accuracy of AS n in representing the hidden relationship μ
is measured with reference to a loss function ℓðASn ; ZÞ : F 
ðX  YÞ-R. In particular, since we are dealing with binary classiﬁcation problems, we use the hard loss function:
ℓðASn ; ZÞ ¼

1  Yf ðXÞ
A f0; 1g;
2

ð2Þ

which counts the number of misclassiﬁed examples. The quantity
of interest is deﬁned as the generalization error, namely the error
that a model will perform on new data generated by μ and previously unseen:
RðAS n Þ ¼ EZ ℓðASn ; ZÞ:

ð3Þ

Unfortunately since μ is unknown, the random variable RðASn Þ
cannot be computed and, consequently, must be estimated. Two
b EMP ðAS ÞÞ and
common empirical estimators are the Empirical ðR
n
b LOO ðAS ÞÞ errors:
Leave-One-Out ðR
n
X
b EMP ðAS ; S n Þ ¼ 1
ℓðASn ; ZÞ;
R
n
n Z AS
n

n
X
b LOO ðAS ; S n Þ ¼ 1
R
ℓðAS⧹i ; Z i Þ:
n
n
ni¼1

ð4Þ
In order to estimate the generalization error, given one of its
empirical estimators, we make use of two powerful statistical
measures: RC [63,59,27,28,64,65] and AS [35,36,66,33]. The difference between the two approaches can be clariﬁed through the
graphical representation, proposed in Fig. 1. Basically, RC allows
estimating the size of a class of functions. Let A1 and A2 be two
algorithms that chooses the model, respectively, in the classes F 1
and F 2 , and S 0 and S ″ be two different training sets, originated
from the same distribution μ. The learning phase consists of

ﬁnding a model from the selected hypothesis space, say F 1 , which
A
A
best ﬁts the data: if S 0 is used, then f 1 1 is obtained, while f 2 1 is
″
selected if we opt to learn the dataset S , instead. Since, in this
F
case, the hypothesis space F 1 is small (namely simple) enough, f 1 1
will be forced to be “close” (with respect to some distance
A
A
F
dðf 1 1 ; f 2 1 Þ) to f 2 1 . In other words, the ﬁnal outcome of the learning
phase will not be heavily inﬂuenced by the randomness of the
process generating the data, so the risk of learning noise, i.e. of
overﬁtting the data, will be small (see Fig. 1(a)). If, instead, we use
A2 which chooses functions from a larger hypothesis set F 2 , the
F
F
model f 1 2 could end up “far” from f 2 2 (with respect to the disA2 A2
tance dðf 1 ; f 2 Þ): this means that the hypothesis class is too large
for a particular learning task and the risk of overﬁtting the data is
high (see Fig. 1(b)). In practice, RC tries to estimate the largest dð
A A
f 1 ; f 2 Þ given the hypothesis space F from which the algorithm
chooses the model.
The advantage of using AS is that the hypothesis space F does
not need to be known in advance. This means that, even if the
algorithm chooses from a large hypothesis space, given a particular μ, the algorithm will choose models that are close to each
other. A graphical description is shown in Fig. 1: let us consider,
again, algorithms A1 (see Fig. 1(a)) and A2 (see Fig. 1(b)), and the
A
A
A
A
two training sets S 0 and S ″ . In this case, dðf 1 2 ; f 2 2 Þ⪢dðf 1 1 ; f 2 1 Þ
consequently, we derive the same conclusion of the analysis performed with RC-based approach. Instead, if we apply a stable
A
A
algorithm A3 (see Fig. 1(c)) on S 0 and S ″ , we obtain that dðf 1 3 ; f 2 3 Þ
is small even if F 3 is a large hypothesis space. Note that, since we
A A
are just looking at dðf 1 ; f 2 Þ, we do not need to explicitly know F :
the stability of a particular learning algorithm is simply computed
A A
by measuring dðf 1 ; f 2 Þ.

Fig. 1. Different approaches to learning. A1 and A2 are two algorithms that chooses the model from the classes F 1 and F 2 . S 0 and S ″ are two different training sets,
A
A
originated from the same distribution μ. dðf 1 1;2;3 ; f 2 1;2;3 Þ shows the distance between the chosen models during the two different learning processes.
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In the next sections, we recall some results that are useful for
the remaining part of the paper. Some of the theoretical results
can be retrieved in previous works [59,27,35,36,33], but the
adaptation of these approaches to the context of this paper is
entirely new.
2.1. Understanding the learning ability of an algorithm through
Rademacher Complexity
As detailed in the previous section, the quantity of interest in
any learning procedure is the generalization error RðASn Þ which is
not measurable since μ is unknown. We can however measure its
empirical estimators which are optimistically biased estimators of
RðAS n Þ [26,35]. In order to estimate this bias, we can use RC to
bound Uniform Deviation which is the maximum distance
between the generalization error and the empirical error [59,27]:
h
i
b n ðF Þ ¼ sup Rðf Þ þ R
b EMP ðf ; S n Þ ;
U
ð5Þ
f AF

since
b EMP ðAS ; S n Þ þ U
b n ðF Þ:
RðAS n Þ r R
n

ð6Þ

b n ðF Þ can be deﬁned as:
The expected value of U
b n ðF Þ:
U n ðF Þ ¼ ESn U

ð7Þ

The RC of a class of functions F and its expected value are deﬁned
as:
n
X
b n ðF Þ ¼ Eσ sup 2
σ i ℓðf ; Z i Þ;
C
f AF n i ¼ 1

b n ðF Þ;
C n ðF Þ ¼ ESn C

ð8Þ

where σ 1 ; …; σ n are n independent random variables for which
Pðσ i ¼ þ 1Þ ¼ Pðσ i ¼  1Þ ¼ 1=2. Note that, since we use the hard
loss function, it is possible to prove that:
n
X
b n ðF Þ ¼ Eσ sup 2
σ i ℓðf ; Z i Þ ¼ 1  2Eσ inf Rb EMP ðf ; S σn Þ;
ð9Þ
C
f AF
f AF n i ¼ 1


where S σn : Z σ1 ; …; Z σn of size n, and Z σi A f1;…;ng ¼ ðX i ; σ i Þ. An upper
b ðF Þ was proposed in [59] and the
bound of RðAS Þ in terms of C
n

proof consists mainly of an application of the McDiarmid's
inequality [67]. Since both RC and Uniform Deviation are bounded
difference functions [59,27] then:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
 ﬃ
u
u
u
u
1
1
u2 log
ulog
t
t
δ
δ
b
b
C n ðF Þ r C n ðF Þ þ
; U n ðLÞ r U n ðF Þ þ
: ð10Þ
n
2n
The bounds hold with probability ð1  δÞ, where δ is a user-deﬁned
level of conﬁdence. Using these results, it is possible to bound
b n ðF Þ, by noting that [59]:
U
U n ðF Þ r C n ðF Þ:

ð11Þ

By exploiting Eqs. (10) and (11), we obtain the following relation
which holds with probability ð1  δÞ [59,27]:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
2
ulog
t
δ
b n ðF Þ þ 3
b EMP ðAS ; S n Þ þ C
RðAS n Þ r R
:
ð12Þ
n
2n
All the quantities involved in the bound of Eq. (12) can be
empirically computed by exploiting the available observations
b n ðF Þ requires that an expectation over all σ is
ðS n Þ. Note that C
performed. This is obviously infeasible in practice, and a Monte
Carlo estimation of the quantity can be computed instead [59,27].
A more reﬁned alternative is to exploit a recent result [60,59],
which shows that the following quantity can be used:
b
σ
b
b
C
n ðF Þ ¼ 1  2 inf R EMP ðf ; S n Þ
f AF

ð13Þ
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b
b
that is RC computed with just a single draw of σ . In fact, C
n ðF Þ is
also a bounded difference function and consequently, the following bound holds with probability ð1  δÞ:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
1
u8 log
t
δ
b
b n ðF Þ þ
C n ðF Þ r C
:
ð14Þ
n
By exploiting Eqs. (10), (11), and (14), we can prove that the following bound holds with probability ð1  δÞ :
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
2
ulog
t
δ
b
b n ðF Þ þ 5
b EMP ðAS ; S n Þ þ C
:
ð15Þ
RðASn Þ r R
n
2n
The bound of Eq. (15) is slightly looser but it is more computational tractable respect to the one of Eq. (12). It is worth noting
that all the constants in the bound can be improved [64] but this is
out of the scope of this paper.
Unfortunately, RC requires the hypothesis space to be ﬁxed
before seeing the data and even functions that will never be
picked up by the learning procedure are taken into account when
estimating the Uniform Deviation. This could compromise our
ability to understand the learning properties of our algorithm: if
an effective algorithm chooses functions that belong to a complex
class, the bound of Eq. (12) is loose [36,33] and so we cannot
guarantee the performance of the algorithm.
2.2. Understanding the learning ability of an algorithm through
algorithmic stability
Stability does not require a class of functions F to be deﬁned a
priori, since the set of models is implicitly derived by the algob S ; S n Þ of
rithm A itself. For this reason, the simple deviation DðA
n
b EMP ðAS ; S n Þ or R
b LOO ðAS ; S n Þ is
the generalization error from R
n
n
analyzed [35,66,36,33]:


b EMP ðAS ; S n Þ;
b EMP ðAS ; S n Þ ¼ RðAS Þ  R
ð16Þ
D
n
n
n


b LOO ðAS ; S n Þ:
b LOO ðAS ; S n Þ ¼ RðAS Þ  R
D
n
n
n

ð17Þ

b EMP ðAS ;
Consider that the deterministic squared counterpart of D
n
b
S n Þ and D LOO ðASn ; S n Þ can be deﬁned as:
b EMP ðAS ; S n Þ2 ;
D2EMP ðA; nÞ ¼ ESn ½D
n

ð18Þ

b LOO ðAS ; S n Þ2 :
D2LOO ðA; nÞ ¼ ESn ½D
n

ð19Þ

b S ; S n Þ, we can adopt different approaches.
In order to study DðA
n
The ﬁrst one consists of using Hypothesis Stability HðA; nÞ:




ð20Þ
H EMP ðA; nÞ ¼ ESn ;Z 0i ℓðASn ; Z i Þ ℓðASi ; Z i Þ r βEMP ;
n





H LOO ðA; nÞ ¼ ESn ;Z ℓðASn ; ZÞ  ℓðAS ⧹i ; ZÞ r β LOO :

ð21Þ

n

Lemma 3 in [35] proves that:
D2EMP ðA; nÞ r

1
þ 3H EMP ðA; nÞ;
2n

D2LOO ðA; nÞ r

1
þ 3H LOO ðA; nÞ:
2n
ð22Þ

By exploiting the Chebyshev inequality [68], for a random variable
a, with probability ð1  δÞ we obtain:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P½a 4 t  r E½a2 =t 2 ; a o E½a2 =δ:
ð23Þ
Then, by combining Eqs. (16), (20), and (22) (or analogously, Eqs.
(17), (21), and (22)) with probability ð1  δÞ we obtain that:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3β
b EMP ðAS ; S n Þ þ
ð24Þ
RðASn Þ r R
þ EMP ;
n
2nδ
δ
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b LOO ðAS ; S n Þ þ
RðAS n Þ r R
n

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3β
þ LOO :
2nδ
δ

ð25Þ

In Theorem 11 of [35], it is proved that H EMP ðA; nÞ r 2H LOO ðA; nÞ
but unfortunately, as remarked in [66], this proof contains an error
and consequently Leave-One-Out Hypothesis Stability does not
imply H EMP ðA; nÞ Stability. Moreover, in [33] it is proved that H LOO
ðA; nÞ can be estimated from the data, while this is not possible for
H EMP ðA; nÞ. Consequently, from now on, we only deal with LeaveOne-Out Hypothesis Stability since, as described in the rest of this
section, it is the only one which leads to a fully empirical stabilitybased bound.
In order to estimate H LOO ðA; nÞ from the data, we need to
suppose that for the algorithm under exam ðAÞ, Hypothesis Stability does not increase with the cardinality of the training set:
pﬃﬃﬃ
ð26Þ
H LOO ðA; nÞ r H LOO ðA; n=2Þ:
We point out that Property (26) is a desirable requirement for any
learning algorithm: in fact, the impact on the learning procedure
of removing samples from S n should decrease on average, as n
grows. Note that Property (26) has already been studied by many
researchers in the past. In particular, Property (26) is related to the
notion of consistency [69,70] and connections can also be identiﬁed with the trend of the learning curves of an algorithm [71–74].
Moreover, such quantities are strictly linked to the concept of
Smart Rule [69]. It is worth underlining that, in the abovereferenced works, Property (26) is proved to be satisﬁed by
many well-known algorithms (Support Vector Machines, Kernelized Regularized Least Squares, k-Local Rules with k 4 1).
In order to derive a fully empirical bound we have to study
pﬃﬃﬃ
H LOO ðA; n=2Þ. For this purpose, the following empirical quantity
can be introduced [33]:
b LOO ðA;
H

pﬃﬃ pﬃﬃ pﬃﬃ 




n=2 n=2 n=2
pﬃﬃﬃ
k
k 
8 X X X 
n=2; S n Þ ¼ pﬃﬃﬃ
ℓ AS pk ﬃ ; Z j  ℓ AðS pk ﬃ Þ⧹i ; Z j ;

n
=2
n
=2
n nk¼1 j¼1 i¼1

ð27Þ

pﬃﬃﬃ 
where 8 k A 1; …; n=2 :
n
o
k
S pﬃﬃn=2 : Z ðk  1Þpﬃﬃn þ 1 ; …; Z ðk  1Þpﬃﬃn þ pﬃﬃn=2 ;

k
Z j : Z ðk  1Þpﬃﬃn þ pﬃﬃn=2 þ j :

ð28Þ

Note that the quantity of Eq. (27) is the empirical unbiased estipﬃﬃﬃ
mator of H LOO ðA; n=2Þ and then:
pﬃﬃﬃ
pﬃﬃﬃ
b LOO ðA; n=2; S n Þ:
ð29Þ
H LOO ðA; n=2Þ ¼ ESn H
Consequently, with probability ð1  δÞ, the difference between
pﬃﬃﬃ
b LOO ðA; pﬃﬃﬃ
H LOO ðA; n=2Þ and H
n=2; S n Þ can be bounded by exploiting, for example, the Hoeffding inequality [75,33]:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
1
u
ulog
pﬃﬃﬃ
pﬃﬃﬃ
t
δ
b
pﬃﬃﬃ :
ð30Þ
H LOO ðA; n=2Þ r H LOO ðA; n=2; S n Þ þ
n
Combining Eqs. (25) and (30), the following stability bound,
holding with probability ð1  δÞ, can be derived:

ﬃ
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
u 2
 ﬃ13
u
u
2
u
u
log
u
B
7
u26 1
pﬃﬃﬃ
t
δ C
Bb
C7
6
b LOO ðAS ; S n Þ þ u
pﬃﬃﬃ C7:
RðAS n Þ r R
ðA; n=2; S n Þ þ
u 6 þ 3BH
n
@ LOO
tδ42n
n A5

ð31Þ
The bound of Eq. (31) takes into account only empirical quantities
and, in order to compute them, we do not need to know F but we
need to apply the algorithm A on a series of modiﬁed training sets
that are all built using S n . Moreover, only the functions that, given
a set of data, could be actually learned by A are contemplated,

differently from RC. When stability bounds are used, we only need
to prove that Property (26) holds for the chosen algorithm.

3. From machine learning to human learning
In this section we show how to measure on humans the three
different quantities involved in learning as described in Section 2:
the generalization error (that we call Human Error), HRC, and HAS.
We describe how these quantities should behave from a ML point
of view, and through ad-hoc experiments on humans, we check
whether these behaviors can be observed for HL as well.
In order to measure the three above-mentioned quantities, it is
important to consider that a human is fundamentally different
from a ML algorithm in the sense that humans have memory while
ML algorithms do not. In other words, we cannot state that
humans are deterministic in the sense that, if we give the same
problem P to a human at time t and at time t þ Δ, the selected
models, respectively, Mt and M t þ Δ , could be different ðM t a M t þ Δ Þ.
Moreover, if a human is given a problem P1 at time t, and another
problem P2 at time t þ Δ, the selected models, respectively, M tP1
and M tP2þ Δ , could be different from the one selected by the same
person given the problem P2 at time t and problem P1 at time
t þ Δ, respectively, M tP2 and M tP1þ Δ . In other words, M tP2 a M tP2þ Δ and
M tP1 aM tP1þ Δ . Note that this problem is also underlined in [57,58].
These issues, as are shown in the next section, prevent us to
b n ðF Þ, R
b LOO ðAS ; S n Þ, and H
b LOO ðA; pﬃﬃﬃ
measure, for example, C
n=2; S n Þ
n
for a human. This is due to the fact that, contrary to a ML algorithm, a human cannot be interpellated as many times as we need,
because we risk to falsify the results. Unfortunately, for measuring
the quantity of interest for a single human we should ask her/him
to solve several slightly modiﬁed instances of the problem as
described in Section 2. For this reason, we propose to average
these quantities over different humans as in [57,58].
In order to show how to measure Human Error, HRC, and HAS,
ﬁrst we need to introduce some additional quantities. In particular,
we consider m sets DLEARN
: fL1;n ; …; Lm;n g of n labeled i.i.d. data
m
: fT 1;p ; …; T m;p g of p labeled i.i.d. data all
and other m sets DTEST
m
sampled from μ. Moreover, we consider a group of 2m humans
G2m : fH1 ; …; H2m g and each Hi A f1;…;2mg chooses functions in the
unknown space F i A f1;…;2mg .
3.1. Human Error
The ﬁrst quantity of interest in learning, as described in Section
2, is the generalization error of an algorithm A. In this case, the
algorithm A is the human H that takes some sample of the distribution μ, which basically is a task to learn, and returns a model f
in an unknown F . Obviously we cannot explicitly access f but we
can ask the human H to label some previously unseen unlabeled
samples, and check whether her/his answer is in agreement with
the true label of the sample. Here, we are interested in measuring
the expected Human Error:
Rμn ¼ EH;Sn ;Z ℓðHSn ; ZÞ:

ð32Þ

In other words, Rμn is the average ability of the human to learn a
binary classiﬁcation task μ, given n i.i.d. samples S n sampled from
μ. Since we do not have all the humans but just a ﬁnite group of
them G2m , and since we cannot give them many times different
samples to learn coming from the same μ (they would remember
the samples and this leads to compromising the results), we can
estimate Rμn thanks to DLEARN
and DTEST
m
m :
m
X
1 X
bμ ¼ 1
R
ℓðHiLi;n ; ZÞ:
n
m i ¼ 1 p Z AT
i;p

ð33Þ
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b μ is an unbiased estimator of Rμ and in particular we
Note that, R
n
n
can use the Hoeffding inequality to state that the following bound
holds, with probability ð1  δÞ:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
1
ulog
μ t
δ
μ
b
:
ð34Þ
Rn r R n þ
2m
b μ depends
Consider that the accuracy in estimating Rμn through R
n
only on m. We decided to add the parameter p (more data to label
for each human) since, as can be seen later in the experimental
section, we discovered that this addition leads to a more stable
estimate.
Based on these deﬁnitions, one can investigate how Rμn varies by
changing task (μ) or the number of samples n available for learning.
From a ML perspective, it is expected that Rμn decreases with n for
consistency reasons: the more samples we use for learning, the
smaller error we will obtain on previously unseen data. If this
behavior is not observed, it would show that the samples have been
memorized rather than learned [26,69,73,70,74].
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particular task [28,59,76,57]. Note that C μn is just a possible indicator of the ability of the algorithm to learn the task. There are
cases where, even if it is not possible to prove through RC that an
algorithm is learning the task, indeed the algorithm is effectively
learning [36] or it is learning at much faster rate than we can prove
[29,77].
3.3. Human algorithmic stability
The last quantity to estimate is the average Human Leave-OneOut Hypothesis Stability. In particular, we are interested in the
quantity of Eq. (21). As explained in Section 2.2, stability does not
require the knowledge of the F from which the humans will
choose the model, but it requires that the humans solve many
instances of a particular problem. Consequently, the average
Human Leave-One-Out Hypothesis Stability can be expressed as:
H μn ¼ EH;Sn ;Z jℓðHSn ; ZÞ  ℓðHS ⧹i A f1;…;ng ; ZÞj
n

¼ EH;Sn ;Z jℓðHSn ; ZÞ  ℓðHS⧹1 ; ZÞj;

ð39Þ

n

3.2. Human Rademacher Complexity
For what concerns HRC, the average RC of a human needs to be
estimated:

b EMP ðf ; S σ Þ :
C n ðF Þ ¼ EF ;Sn ;σ 1  2 inf R
ð35Þ
n
f AF

Note that in this case, C n ðF Þ cannot be computed since the
space F is unknown. For this reason, an assumption is made:
every human is always able to choose the best model of which
she/he is capable. Based on this assumption, it is possible to
measure the inﬁmum in Eq. (35). Unfortunately, this assumption
does not hold in practice because the process of learning of a
human is not equivalent to a simple minimization process. Instead,
learning may be viewed as a complex process, rather than a collection of factual and procedural knowledge [61].
Based on this assumption, we can reformulate C n ðF Þ in the
following way:
h
i
b EMP ðH σ ; S σ Þ :
C μn ¼ EH;Sn ;σ 1  2R
ð36Þ
Sn
n
Consider that C μn (as C n ðF Þ) does not depend on PfY j Xg but just
on PfXg, since when computing C μn the labels are disregarded (see
Section 2.1 for details) [76]. In other words, many μ with the same
PfXg, but different PfY j Xg, have the same C μn .
Unfortunately, C μn cannot be computed for the same reason that
μ
Rn cannot be computed (see Section 3.1), so we can estimate C μn by
using G2m and DLEARN
with the following empirical estimator:
m

m
X
bμ ¼ 1
b EMP ðHi i ; Lσ i Þ :
1  2R
ð37Þ
C
σ
n
i;n
Li;n
mi¼1
b μ is an unbiased estimator of C μ and in particular, we
Note that C
n
n
can use the Hoeffding inequality to state that the following bound
holds, with probability ð1  δÞ:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
1
ulog
μ t
δ
μ
b
:
ð38Þ
Cn r C n þ
2m
Based on these deﬁnitions, one can investigate how C μn varies by
changing task (μ) or the number of samples n available for
learning. From the ML perspective, we expect that RC decreases
when n increases. The more data we need to learn, the less F is
able to ﬁt random noise as PfY j Xg. If C μn does not decrease with n,
it shows that the human is not learning but memorizing the
information. In other words, F is too large to be able to learn a

Differently from RC, H μn depends both on PfXg and PfY j Xg. In other
words, each μ has, in general, a different H μn even if PfXg is
the same.
H μn cannot be computed for the same reason we cannot com, and
pute Rμn and C μn , so we can estimate it by using G2m , DLEARN
m
DTEST
m , and the following unbiased empirical estimator:



m
X

1 X 
bμ ¼ 1
ℓ HiLi;n ; Z ℓ Hi ⧹i ; Z 
ð40Þ
H
n

Li;n
m i ¼ 1 pZ A T
i;p

By using the Hoeffding inequality again, we can state that the
following bound holds, with probability ð1  δÞ:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
1
ulog
μ t
δ
μ
b
Hn r H n þ
:
ð41Þ
2m
b μ , even if the accuracy of our estimate depends
Note that, as for R
n
b μ a more stable estimator
only on m, we introduce p for making H
n

of H μn as can be seen later in the experimental section.
b μ is that they do not take into
A problem in computing H μn and H
n
account the ability of humans to memorize. In particular, it is
difﬁcult that people will change their mind once they learned a
concept [61]. This is a problem when measuring j ℓðHiLi;n ; ZÞ 
ℓðHi ⧹i ; ZÞj , since we need to provide the same data-set to the
Li;n

human with one sample removed in two different moments in
time. This produces a bias in the estimation, as described in the
beginning of Section 3: in fact, our experiments (see Section 5) will
show that this bias is noticeable. A solution to this problem is to
measure the average cross-human stability instead of the average
self-human stability. In other words, we can consider the stability
as a property that connects different humans instead of the
property of a single human (analogously to the size of the space of
function for RC). Consequently, we can measure how stable two
humans are, one with respect to the other, averaged over a group
of people: this interpretation of stability measures the stability of a
group of people while learning a task μ. Based on these considerations, we reformulate H μn in order to measure the following
notion of stability:


μ


H n ¼ EH0 ;H″ ;Sn ;Z ℓðH0Sn ; ZÞ  ℓðH″ ⧹i A f1;…;ng ; ZÞ
Sn




ð42Þ
¼ EH0 ;H″ ;Sn ;Z ℓðH0Sn ; ZÞ  ℓðH″ ⧹1 ; ZÞ;
S
n

μ

μ

, and
Analogously to H n , H n can be estimated by using G2m , DLEARN
m

20

M. Vahdat et al. / Neurocomputing 192 (2016) 14–28

Fig. 2. Samples from Shape domain [57]. The computer-generated shapes are parametrized by α A ½  8; þ 8 from spiky shapes to smooth ones.

DTEST
with the following unbiased empirical estimator:
m



m
b μ ¼ 1 X 1 X ℓ Hi ; Z  ℓ Hi þ m ; Z 
H
⧹i
n
Li;n

Li;n
m i ¼ 1 pZ A T 

4.1. Experimental design: EX1
ð43Þ

i;p

Knowing that with probability ð1  δÞ:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 ﬃ
u
u
1
ulog
μ
μ t
δ
b
Hn rH n þ
:
2m

ð44Þ
μ

Based on these deﬁnitions, we investigate how H n and H μn vary by
changing task (μ) or the number of samples (n) available for
learning. From a ML perspective, we expect that stability will
decreases as n increases: the more data is available for learning,
the less impact there is in removing one single example from the
μ
data. If H n and H μn do not decrease with n, the reason would be
that the machine is not learning and there are not enough
examples available to retrieve the information hidden in one
example from the others. In other words, H is not able to ﬁnd a
stable solution or is not able to learn the particular task effectively
[35,36,66,33,58].

4. Experimental design
A previous work [57] reports on an experiment targeted
towards measuring HRC, while [58] is our ﬁrst attempt to measure
HAS, where we reported the preliminary results. The current work
extends and completes both studies [57,58]. Given the drawbacks
of RC with respect to AS, as highlighted in the previous sections,
we built on the previous efforts and experiments to design and
carry out a new experiment, which aims at estimating the average
HRC and HAS. Our objective is to compare these two quantities
and identify which one is the most informative for getting more
insights into HL.
We performed three different experiments EX1 (a pilot
experiment), EX2 , and EX3 . EX1 was performed in October 2014,
EX2 in November 2014, and EX3 in April/May 2015. EX2 was
designed based on the observed results of EX1 while EX3 extends
EX2 . The experiments were carried out with a total of 606 students
from the University of Genoa (Italy): 70 students of Bioinformatics
Engineering participated in EX1 ; EX2 was carried out with 307
undergraduate students of Electronic Engineering (68 students),
Bioinformatics Engineering (136 students), and Computer Engineering (103 students); ﬁnally EX3 was carried out with 229 students of Bioinformatics Engineering (63 students), Electrical
Engineering (53 students), Computer Engineering (33 students),
and Mechanical Engineering (80 students). Each student participated only one time in the study and was given a unique automatically generated questionnaire. Experiments were carried out
with 7 groups of students carefully controlled by the professors
and researchers involved in the study together with the help of
university employees. Filled questionnaires were collected, digitized, anonymized, and analyzed. We describe the details of the
questionnaire design in the next sections.

In this phase, our experiment involved two types of statistical
measures: HRC and HAS. For HRC in particular, we followed the
approach designed in [57]. Then we designed a new experiment in
order to measure HAS. We use the word “task” (or “problem”) and
“domain” to refer, respectively, to PfY j Xg (or μ) and PfXg. The ﬁrst
step consisted of deﬁning the task to be learned by students. Two
domains were deﬁned: Shape and Word. Two problems were
deﬁned for each domain: simple (linear) and difﬁcult (nonlinear).1 We report the detailed description of these problems as
follows.

4.1.1. Shape domain
The Shape domain consists of 321 computer-generated 3D
shapes, parametrized by α A ½  8; þ 8, such that a small value of α
leads to spiky shapes, while a large α allows us to obtain smooth
ones. A label was assigned to each shape, and two problems were
deﬁned in accordance with ad-hoc rules to depict tasks of
increasing complexity:

 Shape Simple (SS), where Y ¼ þ 1 if α r0 and Y ¼  1
otherwise.

 Shape Difﬁcult (SD), where Y ¼ þ 1 if  4 r α r 4 and Y ¼  1
otherwise.
In Fig. 2, the samples from Shape domain are shown, we note that
for small changes of α recognizing the label for a human can be
difﬁcult since the shapes look similar. The probability distribution
over the shapes is uniform.

4.1.2. Word domain
The Word domain consists of 321 words,2 sampled from the
Wisconsin Perceptual Attribute Ratings Database [78], which
includes words rated by 350 undergraduates based on their
emotional valence. Two rules were deﬁned for labeling data,
analogously to [57] and to what is done above:

 Word Simple (WS): Words were sorted by their length and the


161 longest ones were labeled with Y ¼ þ 1, while the others
were labeled with Y ¼  1.
Word Difﬁcult (WD): Words were sorted by their emotional
valence and the 161 most positive ones were labeled with
Y ¼ þ 1, while the others were labeled with Y ¼  1.

The probability distribution over the words is uniform. In Table 1,
the samples from the Word domain are shown with their emotional valence.

1

We thank the authors of [57] and [78] for providing their dataset.
Having to deal with Italian students only, words have been translated into
Italian.
2
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Table 1
Samples from the Word domain with their emotional valence (e.v.): negative
emotion versus positive emotion [78].
Word

e.v.

Word

e.v.

Word

e.v.

Rape
Killer
Funeral
Slavery

 5.60
 5.55
 5.47
 5.41

Jeer
Snub
Meal
Bunny

 2.20
 2.18
2.54
2.55

Smile
Fun
Laughter
Joy

4.76
4.91
4.95
5.19
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4.1.4. Human algorithmic stability experimental design
A new experimental protocol was designed, differently from
what was done for HRC, in order to measure the average HAS.
Since AS changes not only based on the domain but also based on
the problem, as it depends on PfY j Xg, we measured it over four
different problems: SS, SD, WS, and WD.
Thus, for each problem and for a ﬁxed value of n, the value of
Eq. (40) was computed. In particular, for each student Hi with iA
f1; …; mg we measured j ℓðHiLi;n ; ZÞ  ℓðHi ⧹i ; ZÞj with Z A T i;p . Since
Li;n

4.1.3. Human Rademacher Complexity experimental design
In order to compute HRC, the same procedure of [57] has been
adopted. RC does not depend on the problem ðPfY j XgÞ but only on
the domain ðPfXgÞ, consequently we measured HRC for the two
above-mentioned domains: Shape and Word.
Thus, for each domain and for a ﬁxed value of n, Eq. (37) was
computed. In particular, for each student Hi with i A f1; …; mg, we
b EMP ðHi i ; Lσ i Þ. Consequently, we needed to build Lσ i
measured R
σ
i;n
i;n
Li;n

with i A f1; …; mg for the desired domain as follows:
1. Sample randomly n samples from the desired domain.
2. Discard the labels.
3. Assign random labels to the samples.


i
b EMP Hi i ; Lσ i was measured as follows:
After creating Lσi;n , R
σ
i;n
Li;n

1. Each student Hi was asked to learn the rule by exploiting the
i
dataset Lσi;n .
i
2. Each student was asked to label the same samples Lσi;n where
the labels had been removed.
Based on these considerations we designed the questionnaire for
b EMP ðHi i ; Lσ i Þ, for each n, student, and domain. The
measuring R
σ
i;n
Li;n

questionnaire consists of 4 steps (each student was asked to
complete the step within the time given in parentheses):
I Students were asked to learn the underlying rule from Lσi;n ,
with a short time limit (3 min).
II Students were asked to perform a ﬁller task consisting of
some two-digit addition/subtraction questions, to reduce
risks of memorization: this forced the students to learn a
rule rather than memorizing the examples. In other words, it
forced them to think about an irrelevant concept and reset
the short-term memory [57,61] (1 min).
i
III Students were asked to classify the same samples Lσi;n where
the labels had been removed, and the order in which the
samples were presented was different from Step I. Students
were not aware of this fact, and they were encouraged to
guess if necessary (without time limit).
IV Students were asked to describe the rule they identiﬁed, and
to estimate the conﬁdence of their decision (1 min).
i

Then, for each student Hi with i A f1; …; mg, a unique questionnaire
b EMP ðHi i ; Lσ i Þ was comwas given, the answers were collected, R
σ
Li;n

μ

i;n

b Þ was derived by averaging the results
puted, and ﬁnally HRC ðC
n
over the m students with the same n and domain according to
Eq. (37).
This procedure is also detailed in [57] but we varied n A f3; 5;
7; 10; 15; 20; 25g instead of n A f5; 10; 20; 40g because, as reported
in the experimental result, this range allows us to better interpret
the behavior of the measured quantities. Later, we compare our
b SHAPE and C
b WORD the result for the
results with [57]. We report in C
n

n

two domains (Shape and Word) and different values of n.

we use the hard loss function:



 

 

ℓðHi ; ZÞ ℓ Hi ⧹i ; Z  ¼ Hi ðXÞ  Hi ⧹i ðXÞ;
Li;n

  Li;n

Li;n

ð45Þ

Li;n

which means that in order to compute j ℓðHiLi;n ; ZÞ  ℓðHi ⧹i ; ZÞj , we
Li;n

simply needed to check if the sample Z had been labeled by the
⧹i
students in the same way after learning Li;n or Li;n . In order to
measure this quantity, the following steps were performed:
1. Each student Hi was asked to learn the rule by exploiting the
⧹i
dataset Li;n , which was the dataset Li;n where a random sample
i A f1; …; ng had been removed.
2. Each student was asked to label the samples Z A T i;p where the
labels had been removed.
3. Each student Hi was asked to learn the rule by exploiting the
whole dataset Li;n .
4. Each student was asked to label the samples Z A T i;p again
where the labels had been removed.
Once all these data were collected, one could measure
j ℓðHiLi;n ; ZÞ ℓðHi ⧹i ; ZÞj . As in the previous section we built the
Li;n
questionnaire, consisting
of 8 steps:
⧹i

I Students were asked to learn the underlying rule from Li;n
with a short time limit (3 min).
II Students were asked to perform a ﬁller task, as in the HRC
experiment (1 min).
III Students were asked to classify the samples in T i;p where the
labels had been removed (without time limit).
IV Students were asked to describe the rule they identiﬁed, and
to estimate the conﬁdence of their decision (1 min).
V Students were asked to learn the underlying rule from Li;n
(these samples were presented in a random order respect to
Step I) with a short time limit (3 min). They were not aware
that n  1 training instances were the same as in Step I.
VI Students were asked to perform a ﬁller task (1 min).
VII Students were asked to classify the samples in T i;p (these
samples were presented in a random order respect to Step III)
where the labels had been removed (without time limit).
VIII Students were asked to describe the rule they identiﬁed, and
to estimate the conﬁdence of their decision (1 min).
⧹i

Note that ﬁrst Li;n and then Li;n were provided in order to avoid
the risk of memorization.
Then, for each student Hi with i A f1; …; mg, a unique questionnaire
was given, the answers were collected, j ℓðHiLi;n ; ZÞ  ℓðHi ⧹i ; ZÞj was
Li;n

b μ Þ was derived by averaging the results
computed, and ﬁnally HAS ðH
n
over the m students with the same n and problem according to Eq. (40).
The results for two domains and two levels of difﬁculty were
b SS , H
b SD , H
b WS ,
collected, by varying n A f3; 5; 7; 10; 15; 20; 25g, in H
b WD , respectively.
and H
n

n

n

n

4.1.5. Human Error experimental design
The experiment designed for measuring HAS (see Section 4.1.4)
allowed us to additionally measure Human Error.
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In particular, for each student Hi with i A f1; …; mg, n, and
problem, we measured ℓðHiLi;n ; ZÞ with Z A T i;p . In other words:
1. Each student Hi was asked to learn the rule by exploiting the
dataset Li;n .
2. Each student was asked to label the samples Z A T i;p where the
labels had been removed.
The questionnaire was designed in the same way as the one of
Section 4.1.4 and in particular, Steps V, VI, VII, and VIII: this was
advantageous for us since all the quantities were already available
and there was no need to build an additional experiment. Moreover, from Steps I, II, III, and IV the data for measuring Human
Error on n  1 was also available.
Then, for each student Hi with iA f1; …; mg, a unique questionnaire was given, the answers were collected, ℓðHiLi;n ; ZÞ with
b μ ) was derived
Z A T i;p was computed, and ﬁnally Human Error (R
n

ℓðHi þ⧹im ; ZÞj with Z A T i;p . In order to compute j ℓðHiLi;n ; ZÞ 
Li;n

ℓðHi þ⧹im ; ZÞj , we simply needed to check if the same label had been
Li;n

assigned to Z by both students when one learned the rule through
⧹i
Li;n , and the other one through Li;n . In order to measure
j ℓðHiLi;n ; ZÞ  ℓðHi þ⧹im ; ZÞj , the following steps were performed:
Li;n

1. Each student Hi was asked to learn the rule by exploiting the
⧹i
dataset Li;n , while student Hi þ m was asked to learn the rule by
exploiting the whole dataset Li;n .
2. Student Hi and student Hi þ m were asked to label the samples
Z A T i;p where the labels had been removed.
The aggregated questionnaire was the same as Section 4.1.4 but
split over a pair of students: phases I, II, III, and IV were assigned to
one of the students and phases V, VI, VII, and VIII to the other.
Thanks to this procedure, all quantities, necessary to compute

by averaging the results over the m students with the same n and
problem according to Eq. (40) (since Human Error depends on
PfY j Xg).
Based on the designed HAS experiment, it was possible to
collect data for n A f3; 5; 7; 10; 15; 20; 25g and n  1. The results for
two domains and two levels of difﬁculty were collected, by varying
b SD , R
b WS , and R
b WD , respectively.
b SS , R
n, in R

HAS, could be derived: for every pair of students Hi and Hi þ m with
iA f1; …; mg, a unique questionnaire was given, the answers were

4.1.6. Aggregated questionnaire structure
The aggregated questionnaire consists of 3 sub-questionnaires,
2 for HAS and 1 for HRC:

b WD , respectively.
H
n

n

n

n

n

 A questionnaire of Section 4.1.4 for SS or SD.
 A questionnaire of Section 4.1.4 for WD or WS.
 A questionnaire of Section 4.1.3 for Word or Shape.
We avoided including two simple or two difﬁcult problems in one
questionnaire. Note that with two students, there was a complete
set of problems: HAS for SS, SD, WS, and WD, as well as HRC for
Word and Shape. Human Error was computed for SS, SD, WS, and
WD thanks to the HAS questionnaires.
Before giving the questionnaires to the students, we devoted
approximately 10 min to explain the experiment procedure and
our study goals to the students. In the early trials of this study, we
noticed that this kind of explanation increases the motivation of
the students to try their best in answering the questions.
The size n A f3; 5; 7; 10; 15; 20; 25g of the sets were randomly
chosen. In EX1 , since estimation accuracy of Human Error, AS, and
RC depends on m (see Section 3), we set p¼ 1. Each experiment
took about 30 min in total.
A ﬁrst trial, conducted on 70 volunteers, showed that students
were able to mentally link Steps I and III with Steps V and VII due
to the problems described in Section 3.3. This result conﬁrmed our
hypothesis that humans easily memorize and they cannot easily
forget a previously memorized rule. The detailed results are
reported in the experimental result sections. In the next section,
we explain a modiﬁed experiment which allowed us to successfully measure HAS.

collected, j ℓðHiLi;n ; ZÞ  ℓðHi þ⧹i m ; ZÞj was computed, and ﬁnally HAS
Li;n

b μ was derived by averaging the results over m pair of students
H
n
with same n and problem according to Eq. (43).
As in Section 4.1.4, The results for two domains and two levels
b SD , H
b WS , and
b SS , H
of difﬁculty were collected, by varying n, in H
n

n

n

4.2.2. Human Error
As for EX1 , the AS questionnaire allows us to measure Human
Error as well, although, the data had to be collected from a pair of
students instead of a single student. Note that the available data is
exactly the same as Section 4.1.4.
4.2.3. Aggregated questionnaire structure
The aggregated questionnaire consists of 5 sub-questionnaires,
4 for HAS and 1 for HRC but split over two students:

 Four questionnaires of Section 4.2.1 for SS, SD, WS, and WD:


phases I, II, III, and IV were given to one of the students, while
phases V, VI, VII, and VIII were given to the other.
One questionnaire of Section 4.1.3 for Word or Shape: Word was
given to one of the students, while Shape was given to the other.

Analogously to EX1 , for EX2 , n was randomly chosen in
f3; 5; 7; 10; 15; 20; 25g, we set p ¼1 and approximately 10 min were
devoted before the experiment, to explain the experiment procedure and our study goals to the students.
We obtained interesting results by providing these questionnaires to 307 volunteers and the results were partly published in
[58]. We report here the complete set of results including the
extension of this experiment to more students and an additional
domain. In the next section we explain how the experiment was
extended. In particular, we address a problem raised in [58] showing
that it is possible to reduce the oscillation of the results with a better
estimate of the quantity of interest (Human Error and HAS).

4.2. Experimental design: EX2

4.3. Experimental design: EX3

As described above, we had to modify the experiment in order
to measure HAS; but for HRC, we kept the design of EX1 .

In EX3 , we decided not to measure HRC for two reasons: ﬁrstly,
as can be seen later in the experimental results, we managed to
replicate and obtain satisfactory results with EX1 and EX2 which are
consistent with the one reported in [57]. Consequently, our ﬁst goal
of being able to reproduce and verify the results of [57] was already
achieved. Secondly, by excluding RC, we had the possibility to insert
another domain into the experiment without increasing the length

4.2.1. Human algorithmic stability experiment design
b μ for each
b μ , we needed to measure H
Instead of measuring H
n
n
value of n and problem (see Eq. (43)). In particular, for a pair of
students Hi and Hi þ m with i A f1; …; mg, we measured j ℓðHiLi;n ; ZÞ
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of the experiment, and compromising the level of attention of the
students, which could produce artefacts in the ﬁnal results [61].
In EX3 , we made two major changes respect to EX2 (apart from
the above-mentioned changes). Firstly, instead of setting p ¼1, we
decided to set p ¼ 15 in order to improve the accuracy and statistical robustness of the estimator (see Section 3). In other words,
we computed a more accurate estimate of the difference between
the rules found by the students in each pair. Secondly, we added a
new domain: the Math domain.
In the next sections, these modiﬁcations are described in detail.
4.3.1. Math domain
The Math domain consists of 321 numbers x A f0; 1; …; 320g. A
label was assigned to each number, and two problems were
deﬁned in accordance with ad-hoc rules to depict tasks of
increasing complexity:

 Math Simple (MS), where Y ¼ þ 1 if x r 159 and Y ¼  1
otherwise.

 Math Difﬁcult (MD), where Y ¼ þ 1 if 108 r x r 214 and Y ¼  1
otherwise.
The probability distribution over the numbers is uniform.
4.3.2. Aggregated questionnaire structure
The aggregated questionnaire consists of 6 HAS subquestionnaires of Section 4.2.1, one for each problem among SS,
SD, WS, WD, MS, and MD. As in EX2 , phases I, II, III, and IV were
given to a student of a pair, while phases V, VI, VII, and VIII were
given to the other. The order in which the problems were presented was randomized since, in case of crowded classes, it was
impossible for students to copy the labels from each other.
Analogously to EX2 , in EX3 , n was randomly chosen in f3; 5; 7;
10; 15; 20; 25g but, differently from EX2 , we set p ¼ 15. As was the
case with EX1 and EX2 , we devoted approximately 10 min before
the experiment, to explain the experiment procedure and our
study goals to the students. The experiment itself took about
30 min, the same as EX1 and EX2 .

5. Experimental results
In the following sections, the results of the three experiments
(EX1 , EX2 , and EX3 ) are presented.3 In particular, for EX1 , the following quantities are reported:
μ

 Human Error, Rb n .
μ
 Human Rademacher Complexity, Cb n (where we set p ¼1).
μ
 Human Algorithmic Stability, Hb n (p ¼1).
bμ
In the ﬁrst experiment μ A fSS; SD; WS; WDg. Note that, since C
n
b SHAPE ¼ C
b SS ¼ C
b SD and C
b WORD ¼ C
b WS
depends just on the domain, C
n
n
n
n
n
WD

b
¼C
(see Section 4.1.3).
n
For EX2 instead, we report the following quantities:
μ

 Human Error, Rb n .
μ
 Human Rademacher Complexity, Cb n (p¼ 1).
μ
b
 Human Algorithmic Stability, H n (p ¼ 1).
Note that in the second experiment, μ A fSS; SD; WS; WDg as in the
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b μ instead of H
b μ for the reason that H
bμ
ﬁrst one, but we measure H
n
n
n
cannot be effectively measured (see Section 4.2.1).
Finally, for EX3 , we report the following quantities:
μ

 Human Error, Rb n (where we set p ¼15).
 Human Algorithmic Stability, Hb nμ (p ¼15).
In the third experiment, μ A fSS; SD; WS; WD; MS; MDg as we added
another domain (Math) and two problems (simple and difﬁcult).
Note that in this case HRC was not measured.
The results are measured for n A f3; 5; 7; 10; 15; 20; 25g in all the
experiments. Thanks to the designed experiments, we can also
b μ for n  1 (see Section 4.1.5).
measure R
n
5.1. Results for EX1
The ﬁrst experiment was carried out as a pilot test on a small
population, a group of 70 students. Therefore, we lack data for
some problems and for some values of n. For example, in Fig. 3(c),
b SHAPE and C
b SHAPE are missing.
C
20
25
b μ , for different values of n and
Fig. 3 (a) shows the trend of R
n
b μ is generally
different problems μ: as expected from ML Theory, R
n

smaller for simple tasks than for difﬁcult ones and this is conﬁrmed in HL as well. However, analogies end here. While the error
of ML models usually decreases with n, results on HL are characterized by oscillations, even for small variations of n. This is due
to the fact that a small sample is considered.
b μ . Contrarily to HAS, HRC is not
Fig. 3 (c) shows the trend for C
n
able to discriminate between the task complexities, since labels are
μ
b . HRC decreases with n (as in ML), and
neglected when computing C
n
this trend is substantially uncorrelated with the errors for the considered domains. Note that, due to the fact that a small sample of
students is considered, HRC is characterized by oscillations as well.
Finally, Fig. 3(b) presents the obtained results when computing
b μ (with p ¼1) as n varies. Despite being designed in the ML fraH
n
mework, it is worth highlighting how HAS is able to grasp the
nature and peculiarities of HL. As a matter of fact, simple tasks are
b μ , and HAS for the Shape
characterized by smaller values of H
n
domain is generally smaller than for the Word domain. Both
results are in accordance with the trend of the error, registered in
HL, and the nature of the analyzed phenomenon: in this sense,
HAS offers interesting insights on HL, because it raises questions
about the ability of humans to learn in and across different
domains. By analyzing the results and in particular the answers to
the questions IV and VIII of the HAS questionnaire (see Section
4.1.4), in a majority of cases, the students did not change the rule
when learned during the Step VI respect to the Step I (see Section
4.1.4). Therefore, a lot of zeros in Fig. 3(b) can be seen. After
observing this phenomenon, we decided to ask the students about
the reason behind their choice. Their answers showed that they
recognized that the problems of Steps I and V are the same thus,
instead of learning a new rule, they just memorized their previous
answer to the problem. This is a quite interesting result since it
conﬁrms our initial idea about the learning behavior of humans.
Again, the oscillations in HAS results are due to the fact that a
small sample is considered.
5.2. Results for EX2
In EX2 the experiment was carried out over 306 students in order
to address the issues of EX1 related to the lack of data. Moreover, we
b μ (with p¼1) instead of
measure HAS in a different way: we use H
n

3

Some examples of the ﬁlled and anonimized questionnaires can be retrieved
from www.la.smartlab.ws/ﬁlled-questionnaires.zip.

b μ in order to ﬁx the memorization problem encountered during
H
n
EX1 . These results are partially described in [58].
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Fig. 3. Results of EX1 .

Fig. 4(a) represents Human Error for different problems with
varied number of samples available for learning: the results are
quite similar to the ones of EX1 where the oscillations are still a
problem. At this point we had the impression that only a subset of
students were willing to perform at their best when completing the
questionnaire (due to the lack of motivation and concentration) and
this could compromise the result. We explored this hypothesis by
analyzing the ﬁller tasks, in order to verify the students' level of
attention. We discarded the students with low level of attention
(the ones with many errors or incomplete ﬁller tasks) but the
results remained almost unchanged. Consequently, in EX3 we set
p¼15 in order to get a more stable estimate. Note that, in any case,

the curve is generally higher for difﬁcult problems respect to the
simple ones and for the Word domain with respect to the Shape
domain. Unfortunately, Human Error still does not decrease with n.
Fig. 4 (b) represents HRC by varying n in different domains. In
this case, we signiﬁcantly reduced the oscillations respect to EX1
(Fig. 3(b)). It is worth highlighting that the curve is very similar to
the one obtained by [57] for the measure of HRC. Note that RC is
able to grasp the difference between the domains (Shape domain
is a simpler task compared to the Word one). Moreover, it has the
same drawbacks depicted in the results of EX1 .
Finally, Fig. 4(c) shows the trend of HAS by varying n. Results
are, again, similar to the one of EX1 (the curve is generally higher
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Fig. 4. Results of EX2 .

for difﬁcult problems respect to the simpler ones and for the Word
domain with respect to the Shape domain, analogously to what
happens with Human Error) although, the oscillations are mostly
reduced compared to EX1 . Also in this case, we tried to discard the
students with low level of attention but, again, the results did not
noticeably change and for this reason we did not report it. We
address this issue in EX3 by adding the parameter p ¼15 in measuring both Human Error and HAS.
5.3. Results for EX3
In EX3 the experiment was carried out with 229 participants in
order to address the issues of EX2 related to stability of the

bμ
estimators. Moreover, we did not measure HAR, and we use R
n
μ
b
and H n with p ¼ 15 in order to obtain a more stable estimate.
In Fig. 5(a) and (b), it can be seen that the oscillations are substantially reduced. Both Human Error and HAS decreases with n (as
expected from ML Theory). Results show that the Math domain is
the simplest while the Word domain is the most difﬁcult for the
students. This can be due to the fact that all students are from
engineering majors, so they are more used to the problems related
to Mathematics. Moreover, Human Error and HAS are larger for
difﬁcult problems compared to easier ones. The ranking of problems (from difﬁcult to simple) results to be: WD, WS, SD, SS, MD,
and MS. While there is a clear distinction between the Word problems (difﬁcult or simple) and the other domains, the distinction
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Fig. 5. Results of EX3 .

between Shape and Math problems is not as clear. This effect is
more visible as n increases. This can be due to the fact that the Math
and the Shape domains leave less space for imagination to ﬁnd
meaningful rules. Instead, the Word domain might open a whole
world of possible interpretations and rules which can be discovered
and selected. For instance, we observed that some students related
the words as part of a common story or image for discovering the
rule. This observation is also supported by the HRC experiment
which shows how the capacity of HL in case of the Word domain, is
larger respect the one of Shape domain.
As a matter of fact, our study results are derived from and
limited to the students of engineering majors. As discussed above,
these results can be dependent on the background knowledge and
the major of the students. For example, students of humanities or
literature majors might have better results for the Word domain as
opposed to the Math or Shape domain.
In conclusion, we underline the great potentials of HAS to
measure the HL capacity in different domains in particular in
educational settings. For example, our approach can be integrated
as a LA method for improving TEL systems for the purpose of
personalization and adaptation of educational materials to the
needs of students. Additionally, it can raise awareness of teachers
to balance the difﬁculty of exercises based on the needs of the
students with different academic backgrounds.

6. Conclusions
LA has gained a lot of attention in the last decade to gain better
insight into HL through the application of ML methods and the use

of COGS models. Recently ML tools have been exploited in COGS to
understand HL. In addition to providing algorithms for extracting
information from the data, ML provides tools to analyze the
learning capacity of algorithms.
AS is an effective ML tool for understanding the learning ability
of algorithms. In this paper, we propose to exploit this tool for
obtaining insight into HL and we show that HAS is more informative towards HL than HRC which was previously studied in [57].
We conducted our experiments with 606 students of various
engineering majors from the University of Genoa. Our results
showed that: both HAR and HAS are able to detect the difﬁculty
level of different domains for a group of students. However, contrary to HAS, HRC requires some additional assumptions to be
measured that are seldom or never satisﬁed in HL [61]. Additionally, HAS extends these results by detecting the difﬁculty level
of different problems in the same domain. In particular, the difﬁculty scale of the problems (from difﬁcult to simple) for the students is: WD, WS, SD, SS, MD, and MS.
Our results suggest that ML can offer new opportunities in the
study of HL in the ﬁelds of LA and COGS. In particular, CL can be
enhanced and studied further by application of ML methods and
integrated into instructional design in classrooms or TEL systems
to improve education. In this context, educational reform has been
mentioned as the most important and relevant application of CL
[48] such that approaches in manipulating category labels, presentation order, learning strategies, and category variability can
optimize CL. Consequently, ML by improving CL opens the doors
toward improving HL in educational settings. Recent works in CL
[56,79,55,57] highlight how cross fertilization between ML and HL
can be extended to better understand how people tackle new
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problems and extract knowledge from observations. For instance,
HAS can improve the ability of educators to detect when learners
are passively memorizing the concepts rather than discovering
new knowledge. Note that HAS, unlike HRC, is not only able to
explain the difﬁculty level of the particular domain for learners,
but also is able to detect the difﬁculty of a problem in a domain.
Consequently, this ability can lead to better personalization and
adaptation of education to the needs of students.
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